Abstract. Let (X, B, µ, T ) be a measure preserving system. We prove the pointwise convergence of averages along cubes of 2 k − 1 bounded and measurable functions for all k.
Z 2 the CL factor. The notion of characteristic factor is due to H. Furstenberg and can be found explicitly stated in [4] . Our main results are the following Theorem 1. Let (X, B, µ, T ) be a measure preserving system . Then the averages of the cubes of 2 k − 1 functions converge a.e.
One consequence of the path we use is the following Theorem 2. Let (X, B, µ, T ) be an ergodic dynamical system. For each k ≥ 1 the factors Z k−1 is characteristic for the pointwise convergence of the averages along the cubes of 2 k − 1 bounded and measurable functions.
On the factors Z k
As shown in [2] the factors Z k can be defined inductively by using the seminorms |||.||| k where (1) |||f ||| 1 = f dµ (2) For every k ≥ 1 |||f |||
With the help of these semi norms factors are built with the property that for all f ∈ L ∞
we have E(f |Z k ) = 0 if and only if |||f ||| k+1 = 0. We will denote also by P Z k (f ) the conditional expectation E(f |Z k ).
Lemma 1.
Consider Z a factor of the ergodic dynamical system (X, B, µ, T ), g ∈ L ∞ and P Z the conditional expectation (projection on Z). We denote g Z = P Z (g) and we decompose
Finally if g Z ⊥ = 0 then the second term on the right hand side of the equation (1) is equal to zero .
Lemma 2. Assume that Z and Z ′ are two factors of the ergodic dynamical system (X, B, µ, T )
lim sup
In particular if g Z ′⊥ = 0 then
Proof. To prove the equation (2) using Lemma 1 we just need to show that
We decompose the function g Z ⊥ into the following sum
Expanding the square and taking the integral with respect to µ we have then the averages of ten terms to evaluate. Among these ten terms we have four corresponding to squares and 6 double products. The four squared terms provide the averages of (
and last of these four terms listed is what we are looking for on the right hand side of the equation (2) . Because Z ⊂ Z ′ the averages of the second term are less than those of
Thus the averages of the second term are equal to zero. We have the same conclusion for the third term for similar reasons. It remains to consider the six double products which give the averages of
We can observe that
Using similar computations one can see that (2) , (3), (4), (5) and (6) are also equal to zero.
This proves the equation (2).
For the equation (3) one remarks that if g Z ′⊥ = 0 then by using the second part of lemma 1 with Z ′ we have
For the last step we used the inequality (
This concludes the proof of the lemma.
One consequence of this lemma is the following result that we will use later in the induction process.
Lemma 3. Let f be a bounded function such that |||f ||| k = 0 for some positive integer
Proof. As |||f ||| k = 0 we have P Z k−1 (f ) = 0 and as a consequence P Z k−2 (f ) = 0 and
and g = f we get lim sup
The following lemma is not related to factors but will help us conclude our induction step.
Lemma 4. Let F be a bounded function then for all positive integer k the averages
converge a.e to F dµ Proof. We denote by L N (g)(x) the averages
. As
, k applications of the dominated ergodic theorem in L 2 show that sup
Banach principle the set of convergence is then closed. A dense set on which the convergence holds is provided by the sum of constant functions and L ∞ cocycles functions of the form
For such cocycles the cancellations in the numerator allows to establish the pointwise convergence to zero.
Proof of theorem 1
We will prove theorem 1 by induction on k. In [1] we proved that the averages of seven functions converge a.e. We showed that the Z 2 = CL factor was characteristic for the pointwise convergence of seven functions. This establishes the first step of the induction process. We will use the same notation and some of the remarks made in [1] . (2) The functions f j are listed in such a way that those depending on the index i k are indexed by those j , 2 k−1 ≤ j ≤ 2 k −1. The product of these terms depending on i k is
is the product of two groups of 2 k−2 functions denoted by
where the powers of T associated with each function in the second group are those appearing in the first group shifted by the index i 1 . We have
We have also the inequality (7)
Induction Assumption
We make the following assumptions For all bounded functions f j , 1 ≤ j ≤ k − 1 we have
2) The averages of 2 k−1 − 1 bounded functions converge a.e.
These assumptions were shown to be true for k = 3, 4 in [1] . We want to show that they also hold for k. To this end we have the following extension of lemma 4 in [1] .
Proof. We use now the same path as in [1] . With Van der Corput lemma applied to each
. We have then for each H < N
So we are lead to estimate
Using the first induction assumption we can conclude that lim sup
We denote by g = f j 0 the function belonging to Z ⊥ k−1 . All functions being bounded by using Holder's inequality and lemma 4 we obtain
We can conclude by taking the limit with H and using lemma 3.
End of the proof of theorem 1 We just need to finish the induction process the same way we did in [1] by proving the induction assumption for k . We consider the averages of 
proof of theorem 2
The proof of theorem 2 follows from the path we used. We showed that if one of the functions f j is in the orthocomplement of the Z k−1 factor then the averages of these 2 k − 1 functions converge a.e to zero. Thus the limit is given by the pointwise convergence when all functions are in the factor Z k−1 .
